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BOOK ELEVEN
. .

'One way to studr the laws of arithmetic is to work w h some new kinds
of operations with numbers.

Suppose we take a new operation 0 Ccircle dot" We defix4 what p
does as follows:

I

w,Some examples:

is the 'number halfway between

5 0 8

and A

.(pronounced "Five circle-dot ei
equals six and onte-half". ) °

Another way of describing what circle-dot does:

which can be abbreviated

J.,10

1

by definition is

df

10 0 20

4



Continue'witli: 0 0
_r

0 10 7 101

492

0 50 10
J

0 10,00 = 0

0 1000

0 '10 0 20

2 c? 10 0 20

Notice4that in problems 14 'and 15 the answers were,different.althOugh .

the same naibers occurred in the same order.. An expression without paren

theses or looA such as 2 0 10 0 20 , is not, meaningful. It does not make

cle4r which of the two answers in problems 14 arid 15 is rneeant. Circle-dot

is not an associative operation.

A similar expreision with t ree ntimbers and + s, is meaningful:

17 + 3 +- 5 25. Addition itralsociative. Whichever opetation, you



perform first, the result is tlie same: . (17 + 3) + 5 =' 17 + 3 + 5) .

df AIn problems 16 throu19 continuing witli 9 0 A 0 +
2.

insert parentheses to obtain the largest possible ithmber, and give the hurnber.

The first one has been done for you."

(1 3)0 6

.17. 1 01.0 49

18: 20 0 .20 6 2

1 . 6000 0 0 0 20

2L

22.

50 0 100 12

14

0 400 0 400

0 18 '0 14

23. In a student's words, what is a good strategy to follow in doing the
preceding problems?

24. Solve

4
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Here are some more problems lath .the operations "star" and "check"

that.you saw in the film. (For convenience we shall use the same symbols,

but the choice bf symbols isitherwise arbitrary.) Although the definitions

were not.written'in this form, you will, recall that'

11.
=1111.

9

* 33

df

max(

E

(pronounced "the maximum
olbox.and wedge")

* 18 28. 18 * 5 =

18 .= 18 18 1 5 = 18

V 5

-10
I

10 -10

*. = 11



) V1 10

Hint; Two numbers work.

r for the wedge so that only one number will work in the box:

.4.
Comryient? .



,4

For the following sta places, vihich rule" lands you on-the larger number

in one jump? (Wiite '"a fOr "b" , as in the.first example. ltedall that

4 X '"1 -4 , -1 = 1 , 4 X -3 -12 , and '-3 X.-3 9 .
,

pod' t rtcgriput@, SPptific.Landingspoint4 whenever you can be sure without

computing'.)- 0
*

' Starting Place



Continue with the rueles: 0 a > '4 X O.

10.

4.

Starting Place Winner.

8

100

11. 10,081,314

, 12. .10

400'
1

5

-

J *



Theairtificial operations you have been working with

using combinations of the or'ilinary arithmetic operations.

were defined for. all'numbers. We can.define an, artifiaal,

few numbers.by giving'a table:

were defined by

Pur the rmore) they

operation on just a
S.

Operatio

4.

First
Number.

According to the table:

Sd)

>

Second Number.
, I ,

. 1

V.
4 10 . 11

11 10 10 10 t

4 10 11

10 I.
.10 11

..

1.11 10 4 1

.10

()

4

= "

.

D'esn't.look far any spe al pattern, or system herejust follow the table.,

an associative operatio ? With a little,time you could check.,a1I posiibilities.

Fornow, try
r

( 1 1

t)

4 ) 10 2. 11 .( 4> 10 )
4. 10 7-- 1,1 4

()

4 4

0

(J . 4



,;

4

., .
So ar ooks hs though Might be awsociative. But no/try. ,

()

. This one ,eXample shows that our operation is,not associative. Is 0 corrimu-
, . ., .

%
tative? If-you try varioiis pairs they come out the .same (when the number's are

,

interchanged---.--with one exception:

4
But this makes it non-comrnutatikre.-q

The particular numbers used in the previous table had no significance.in
them,selves, We ctur just say that we have fou:r elementst "a.' c ,

andt ,a-nd an Operation on them defded by the following' table:

b.

.

We can'begin studying tgis 4ystem . Tor example, you might notice that when- ..
k

_ever yo,i.r.have D 0 you get 'd for the answer. 'Also, theTe is only one way/7
$ , es

to get a,,for, an answer c4 13
, .

4gaint,.potice that no matter (what computation y(p.i. do With 0 and b

c , and 'd , the tabl.e tells yott that your, answer will always be a , b f or
- .

4 / 'd . Ifthe table say that a b = f , for example, then you wouldn't know

hositt to ido othlir problems.i.nvolving f unless the trble were enlarge4 to iriclud$.

the elatnent

I) '



it new table might look like,thia.:

r

d

a

o, A

.

. .
using fou'r elernOrs such as a', ,b C1 , and an operation 0 it is

.
.

, . . ,

,posSibile tAmakl up systems thaare.asaociative anct commutative. Here is. ..., ,

.. , I )

A such syStein thal is commonly used in modern algebra:

a b ,,c d

C ' d, a

Can. you''Show that ED is coMmutative? .AssOciatfve?

-knother s-itch four-elernent system, shown on the following page is known

ks bayley's folir group, Is it associativ0 Commutative?

one

.J-1? I.,1



Pedple are Often Curious abOut the symbols that Alppear in the Written,les-
.

sons. Although no,.tly of.the symbols live been devised by the Project, othel.s
4 ,

.(such as Absolute value) appe.Ar in standard mathematics texts. The symbols .0 ,
* and ki do not necessarily lrave to mean thifoperations that are used in this
written lesson. In the next lesson, the symbol V will be used for a different

artifid.al operation. You: should notice, however, that although, spedial binary.

symbols'(such as V or
0 +

new., Averaging;

rnatical operations.'

e used, the ideas they stand for are not necessarily
,and maximum, max(0 A) , are standard mathe-
,



Summary of Problems n thla Film.

-.4Sorne Artificial

it,

4th Grade, Phillip's School; Watertown, Massachusetts'
Teacher: Phyllis R. Klein

a

what it does.

hat..does something to pumbers.. You figure out
I. .

Tell rrie the answer if you4mQw what star does,

10 = 23
150 * /07-1.2 2

2Z * j. = 441
8 8

-7

More problems:

o * 10.. = 20

. 0: * 17

O * 1

(5)

q) .

(0)

Tell me what to-write': "* means: Double the first numbel- and add the second..

* 1 =- 11 1."
(

Don't do any arithmetic. *here do you put the.numbers tc get the biggest

answer"
j422 (1422 first
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Think.of what 10 * 3 is. Now do:
.1

( 10 * 3 )

1

)
10 * ( 3

;Difference between top anct bottOm?

'( 50 *
r ) .* 4 =7
3

1
50 ( * 4)

3

'Difference between top and bottom?

Predict.what the difference ip: 4

( 4*.* 100 = (126)

4 ( 5 * 100 ) = (118)

Student:. 'Sr-Oil double the first nuipber and-
that tells you'how far apart.

'Pyoblen Give me .3 numberS (ind we'll put stars and parentheses
between them) s'o thvdifference between the top one and
bottom one is 0 .

8tudent: ( 25 * ) 14 =
3

25 *.(i,* 14) .=

(50)How far apart?

Student: ( 0 * 0 ) *,

How far apart?
.

JP^

13



Get the difference to be
V.

but one of th& numbers has to be '10 .

,Student: ( 10 * (70)
(20 apart

(50)

Student:, ( 0 7 * 10 ) * 0 = (20)
(0 apart)

0 * ( 10 * 0') =, (2,0)

Student: Put 0 for the first number.

Write what goes in the box to mike this true:

(Kept on boar4: ( 10 9* 10 ) * 10 = 70 )

(0 )1.c. ID) * = 21

(0 * 0) * 0 =, 56
(0.* 0) *

* 0) *
ilaw_axe_you....gatinuyour_answers ?

0

0
= 22

Student: If you look at ( D. )',c. 0 ) .14

4 there are 1 boxes and you think,'
7 X 2 =#

Student: Divide the number by 7.

L t's do something differenta new operation, V It's very simple.
,

Examples: 10 V 14. = 14
1

100-3- V' 55 .= 100--
3

Guess: 88 V 0
1047 V 1048

17 V 17 =

17'

.17 V .18 =

.18 V .17Silly question:

(88)

(1048)/



On side board:
rneanin Double first number and add, second.

.5 * 1 = 11

st means: Take t4e larger. number.

More problIms: V i00 = 100

V 5 = 16

q V 5 = 2

Give me some numbers to write on the board:

' Use:

A/ 6 )
j

2 / 1 000 000

(Any number under 100 )

(16)

(Impos sible)

Arrange them. so you get the biggest anrfr.

a

100

I

a

13



:PAGES 16.-21 -REMOVED pu TO'COPYRIGNT RESTRICTIONS.?


